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The concept of equitability can be traced to the paper titled “Equitable coloring” by W.Meyer. In that 
paper the cardinalities of the color class should differ by at most one. Later Prof. E. Sampath Kumar 
introduced the idea of degree equitability. Two vertices are degree equitable if their degrees differ by at 
most one. Based on this idea several papers were published. Equitable domination has been defined and 
studied. Anwar Alwardi et al. gave importance to common neighbourhood of pairs of vertices. Several 
papers were published by them on common neighbourhood domination, injective domination and 
injective equitable domination. In this paper equitable common neighbour of pairs of vertices are 
considered and equitable common neighbour equitable domination is introduced and studied.  

 
Keywords: Domination, equitable domination, common neighborhood domination,  
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INTRODUCTION 
 
Graph theoretical terminologies not given here can be founded in [5, 7, 9]. Let ܩ =  be a simple graph. The (ܧ,ܸ)
neighbourhood of a vertex ݒ, denoted by ܰ(ݒ), is the set of all vertices adjacent to ݒ in ܩ. If ݒ is a vertex of ܩ then the 
integer ݀݁݃(ݒ) =  The minimum and maximum degree among all vertices of .ܩ in ݒ is said to be the degree of |(ݒ)ܰ|
 respectively. A vertex of degree one in a graph is called a pendent vertex or an end ,(ܩ)and Δ (ܩ)ߜ are denoted by ܩ
vertex. A support is the unique neighbour of an end-vertex. 
 
A set ܦ ⊆ ݒ if for every vertex ܩ is a dominating set in (ܩ)ܸ ∈ ݑ there exists a vertex ,ܦ−(ܩ)ܸ ∈  such that ܦ
ݒݑ ∈  .ܩ is the cardinality of a minimum dominating set of ,(ܩ)ߛ denoted ,ܩ The domination number of a graph.(ܩ)ܧ
The concept of equitability was originally conceived in proper colouring of vertices where the cardinalities of any 
two colour classes differ by at most one [12]. E. Sampathkumar initiated the concept of degree equitability in the 
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vertex set of a graph. Two vertices are said to be degree equitable if their degrees differ by at most one. A subset ܦ of 
ܸ in ݒ if for any ܩ is called an equitable dominating set of (ܩ)ܸ  are adjacent ݒ and ݑ such that ܦ in ݑ there exists ,ܦ−
and degree equitable [2, 6, 11]. A subset ܦ of ܸ is called a common neighbourhood dominating set if for every ݒ in 
ܸ  .have atleast one common neighbour ݒ and ݑ are adjacent and ݒ and ݑ such that ܦ in ݑ there exists a vertex ,ܦ−
The minimum cardinality of such a dominating set is called common neighbourhood domination number of ܩ and is 
denoted by ߛ [3]. 

 
Definition 1.1 : Let G be a simple graph. A subset S ⊆ V(G) is called an equitable common neighbour equitable 
dominating set (ecne-dominating set) if for every vertex u ∈ V− S there exists v ∈ S such that u and v are equitable 
(not necessarily adjacent) and have an equitable common neighbour. The minimum (maximum) cardinality of an 
equitable common neighbour equitable dominating set is called an equitable common neighbour equitable 
domination number of G and is denoted by γୣ

ୣୡ୬(G)(Γୣ
ୣୡ୬(G)). 

 
Remark 1.2: The property of an equitable common neighbour equitable domination is super hereditary. 

 

 of some standard graphs ࢉࢋࢋࢽ
 

)ߛ  .1 ܲ) = ൞
ቒ
ଷ
ቓ + 1 ݂݅݊  ≡  (6  ݀݉)2,3  

ቒ
ଷ
ቓ ݂݅݊ ≡  (6  ݀݉)2,3  

 

(ܥ)ߛ  .2 = ൞
ቒ
ଷ
ቓ+ 1 ݂݅݊  ≡  (6  ݀݉)2  

ቒ
ଷ
ቓ ݂݅݊ ≡  (6  ݀݉)2  

 

(ܭ)ߛ  .3 = 1 

(,ܭ)ߛ  .4 = ൜2 ݂݅  |݉  −   ݊|   ≤   1 
݉ + ݊ ݂݅  |݉  −   ݊|   ≥   2  

(ଵ,ܭ)ߛ  .5 = ݊+ 1, ݊ ≥ 3 

)ߛ  .6 ܹ) = ൜1 ݂݅݊  =   4 
݊ ݂݅݊  ≥   5  

(,௦ܦ)ߛ  .7 = ൞

1 =  ݎ݂݅   1, =  ݏ   0 
2 =  ݎ݂݅   1, =  ݏ   1 
4 =  ݎ݂݅   2, =  ݏ   0,1 
ݎ + ݏ + 2 ,ݎ݂݅ ≤  ݏ   2 

 

భܭ)ߛ  .8 ,మ ,⋯,) = ⋯,is the number of equitable partition of ܽଵ,ܽଶ ݎ where ,ݎ2 , ܽ 
⋯,(ܽଵ,ܽଶܭ)ߛ  .9 ,ܽ) = ∑  

ୀଵ ܽ + 1 
 

 
Definition 1.3 : A subset S ⊆ V(G) is called an ecne-independent set if no two vertices in S are equitable and have an 
equitable common neighbour.Clearly, this property is hereditary. 

 
Remark 1.4 :Any maximal ecne-independent set is a minimal ecne-dominating set. 

 

Results on (ࡳ)ࢉࢋࢋࢽ 
 

Definition 2.1:  Let S ⊆ V(G). The ecn private equitable neighbour of u ∈ S denoted bypnୣୣୡ୬(S, u) is defined as  

pnୣୣୡ୬(S, u) = ൜
v ∈ V: v and u have a common equitable neighbour and for any,
w ∈ S− {u}, v and w do not have an equitable common neighbourൠ 

P.Nataraj et al. 
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Proposition 2.2: Let S ⊆ V be an ecne-dominating set of G. S is a minimal ecne-dominating set if and only if for any 
u ∈ S, pnୣୣୡ୬(S, u) ≠ ϕ. 

 
Definition 2.3: Let u ∈ V(G). The ecne-neighbourhood of u denoted by Nୣ

ୣୡ୬(u) is defined as Nୣ
ୣୡ୬(u) = {v ∈

V: uandvareequitableandhaveanequitablecommonneighbour}. Theecne-degree of a vertex is defined as degୣୣୡ୬(u) =
|Nୣ

ୣୡ୬(u)|. The maximum, minimumecne-degree of G are denoted by Δୣ
ୣୡ୬(G), δୣ

ୣୡ୬(G) and defined as Δୣ
ୣୡ୬(G) =

max{degୣୣୡ୬(u): u ∈ V} and δୣ
ୣୡ୬(G) = min{degୣୣୡ୬(u): u ∈ V}. 

 
Definition 2.4: A vertex u ∈ V is called an ecne-isolate of G if u and v have no common equitable neighbour in G for 
every v ∈ V(G)− {u}. 

 
Remark 2.5: Every equitable isolate is an ecne-isolate but not the converse. 

 
Remark 2.6: Any ecne-dominating set contains all ecne-isolates of G. 

 
Remark 2.7: If u is an ecne-isolate, then δୣ

ୣୡ୬(G) = 0 
 

Remark 2.8: If δୣ
ୣୡ୬(G) ≥ 1, then G has no ecne-isolates and hence γୣ

ୣୡ୬(G) ≤ ୬
ଶ
 

 
Proposition 2.9:  For any simple graph G with no ecne-isolates, ቒ ୬

ଵାΔ
ౙ(ୋ)

ቓ ≤ γୣ
ୣୡ୬(G) ≤ n −Δୣ

ୣୡ୬(G). 

 
Example 2.10:  When G ≃ P୬, n ≡ 0,1(mod3), Δୣ

ୣୡ୬(P୬) = 2 and hence ቒ ୬
ଵାΔ

ౙ(ୋ)
ቓ = ቒ୬

ଷ
ቓ = γୣ

ୣୡ୬(P୬).  
When G ≃ Cସ and G ≃ Cହ, Δୣୡ୬(Cସ) = Δୣ

ୣୡ୬(Cହ) = 2 and hence γୣ
ୣୡ୬(Cସ) = 2 = n− Δୣ

ୣୡ୬(G) and γୣ
ୣୡ୬(Cହ) = 3 = n−

Δୣ
ୣୡ୬(G). Thus, the equality holds in Proposition 2.9.  

 
Proposition 2.11:  For any graph G with n vertices, γୣ

ୣୡ୬(G) = n if and only if every vertex in G is either an equitable 
isolate or an ecne-isolate of G. 

 
Example 2.12:  The above result holds for, Kଵ,୬, n ≥ 3 

 
Remark 2.13: There exists a graph G in which a vertex u is not an equitable isolate but u is an ecne-isolate of G. 

 
Example 2.14 

 
G 
Here ߛ(ܩ) = 10 =  .ଶ are not equitable isolates but both are ecne-isolatesݑ ଵ andݑ ,In the above graph G .|(ܩ)ܸ|

P.Nataraj et al. 
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Theorem 2.15: A graph G has a unique minimal ecne-dominating set if and only if the set of all ecne-isolates forms an 
ecne-dominating set. 
 
Proof. Suppose G has a unique minimal ecne-dominating set, say D. Let S be the set of all ecne-isolates of G. Then 
ܵ ⊆ ݑ Suppose there exists .ܦ ∈ ܦ − ܵ. Then u is not an ecne-isolate. Therefore, ܸ −  .is an ecne-dominating set {ݑ}
Thus, there exists a minimal dominating set ܦଵ ⊆ ܸ− ܵ which contradicts that D is unique. Hence ,{ݑ} =  .ܦ
Conversely, if the set D of ecne-isolates of G form an ecne-dominating set, then any ecne-dominating set of G 
contains D. Therefore, G has a unique minimal ecne-dominating set. 

 
Theorem 2.16: For any (n,m) - graph G, γୣ

ୣୡ୬(G) ≥ n −m 
Proof. Let D be a ߛ-set of G. Since every vertex in ܸ  ,has equitable common neighbour with some vertex of D ܦ−
݉ ≥ |ܸ − |ܦ| ,Therefore .|ܦ ≥ ݊ −݉. 

 
Theorem 2.17:  Let G be a graph without ecne-isolates. Then, the complement of a minimalecne-dominating set is 
also an ecne-dominating set. 

 
Corollary 2.18:  If G has no ecne-isolates, then γୣ

ୣୡ୬(G) ≤ ୬
ଶ
 

 
Definition 2.19:  Let u ∈ V(G). eୣ୯(u) is the maximum set of vertices uଵ, uଶ,⋯ , u୩ such that uଵuଶ⋯ u୩ is a path such 
that u୧ and u୧ାଶ have u୧ାଵ as an equitable common neighbour in G. The maximum (minimum) value of eୣ୯(u) is 
called equitable diameter (equitable radius) of G and denoted by diamୣ୯(G)(rୣ୯(G)). 

 
Theorem 2.20:  Let G be a simple graph. γୣ

ୣୡ୬(G) = 1 if and only if there exists a vertexu ∈ V(G) such that u is 
equitable with every other vertex of G and N(u) ⊆ Nୣ

ୣୡ୬(u) and eୣ୯(u) ≤ 2. 
 
Proof. Suppose ߛ(ܩ) = 1. Then there exists ݑ ∈  such that u is equitable with every other vertex of G and for (ܩ)ܸ
any u and v, have a common equitable neighbour. Suppose u and v are adjacent. Then they have an equitable 
common neighbour and so ܰ(ݑ) ⊆ ܰ(ݑ). Suppose u and v are not adjacent, let w be the equitable common 
neighbour of u and v. Then, ݁(ݑ) ≤ 2. Conversely, suppose u satisfies the hypothesis. Then for any ݒ ∈  u and ,(ܩ)ܸ
v are equitable. Since ݁ ≤ 2, either u and v are adjacent or u and v are at a distance 2. Since ܰ(ݑ) ⊆ ܰ

(ݑ) any 
adjacent vertex of u has a equitable common neighbour with u. Suppose u and v are not adjacent. Then ݁(ݑ) = 2 
and there exists ݓ ∈ (ܩ)ߛ ,such that u and v have w as an equitable common neighbour. Therefore (ܩ)ܸ = 1. 

 
Example 2.21 

 
G 
For the above graph G, ߛ(ܩ) = 1, and {ݒଵ} is an ecne-dominating set. Clearly ݒଵ is equitable with ݒଶ,ݒଷ,ݒସ and ݒହ. 
Since ݒଶ and ݒହ have equitable common neighbour with ݒଵ, {ݒଶ,ݒହ} ∈ ܰ

(1). Therefore, ܰ(1) ⊆ ܰ
(1). Also, 

݁(ݒଵ) ≤ 2, since ݒଷ and ݒସ are at distance 2 from ݒଵ and {ݒଵ, ,ଵݒ} ଷ} andݒ,ଶݒ  .ସ} are ecne-pathsݒ,ହݒ
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Example 2.22 

 
H 
For the above graph H, ߛ(ܪ) ≥ 2. Also the vertex ݒଵ is equitable with all other vertices, ܰ(1) ⊆ ܰ

(1) but 
݁(ݒଵ) ≥ 3, since ݒଵݒଶݒଷݒସ is an ecne-path. Note that if ݒଵ and ݒଷ or ݒଵ and ݒହ are made adjacent in the above graph 

H, then ߛ(ܪ) = 1 and {ݒଵ} is an ecne-dominating set. 
 

Theorem 2.23: If diamୣ୯(G) ≤ 3, then γୣ
ୣୡ୬(G) ≤ Δୣ

ୣୡ୬(G) + 1. 
Proof. If ݀݅ܽ݉(ܩ) = 1, then ܩ ≃  and Δܭ

(ܩ) = ݊ − 1. Hence, ߛ(ܩ) = 1 < ݊ = Δ
(ܩ) + 1. Suppose, 

݀݅ܽ݉(ܩ) = 2 or 3. Then the set of vertices ݒ, (݀݁݃(ݒ) = Δ
(ܩ)) and which have equitable distance 1, 2 or 3 

from v is an ecne-dominating set of G of order Δ
(ܩ) + 1. Therefore, ߛ(ܩ) ≤ Δ

(ܩ) + 1. 
 

Theorem 2.24:  For any graph G such that G and G have no ecne-isolates, γୣ
ୣୡ୬(G) + γୣ

ୣୡ୬(G) ≤ n. 
Proof. Suppose G has an ecne-isolated vertex. Then ߛ(ܩ) = 1 and ߛ(ܩ) ≤ ݊. Therefore, ߛ(ܩ) + (ܩ)ߛ ≤ ݊ +
1. A similar result holds when ܩ has an ecne-isolate. Let ܩ and ܩ have no ecne-isolated vertex. Then ߛ(ܩ) ≤ 

ଶ
 and 

(ܩ)ߛ ≤ 
ଶ
. Therefore, ߛ(ܩ) + (ܩ)ߛ ≤ ݊. 

 
Theorem 2.25:  If G and G have no ecne-isolates and if γୣ

ୣୡ୬(G) ⋅ γୣ
ୣୡ୬(G) ≤ n, then γୣ

ୣୡ୬(G) + γୣ
ୣୡ୬(G) ≤ ቔ୬

ଶ
ቕ+ 2. 

Proof. Since ܩ and ܩ have no ecne-isolates, ߛ(ܩ) ≤ 
ଶ

(ܩ)ߛ& ≤ 
ଶ
. Clearly,ߛ(ܩ) ≥ ൯ܩ൫ߛ&2 ≥ 2. If ߛ(ܩ) =

2 or ߛ൫ܩ൯ = 2, then ߛ(ܩ) + ൯ܩ൫ߛ ≤

ଶ

+ 2. Suppose ߛ(ܩ) ≥ (ܩ)ߛ&4 ≥ 4. Since ߛ(ܩ) ⋅ (ܩ)ߛ ≤ ݊, 

ߛ ≤ ቔ 
ఊ(ீ)

ቕ and ߛ(ܩ) ≤ ቔ 
ఊ

ቕ. Therefore, ߛ(ܩ) + (ܩ)ߛ ≤ ቔ
ସ
ቕ + ቔ

ସ
ቕ ≤ 2 ቔ

ସ
ቕ < 

ଶ
+ 2. Suppose ߛ(ܩ) = 3 or 

(ܩ)ߛ = 3. Then, ߛ(ܩ) ≤ ቔ
ଷ
ቕ, that is ߛ(ܩ) + (ܩ)ߛ ≤ 3 + ቔ

ଷ
ቕ. Since ߛ(ܩ) = 3 ≤ ቔ

ଶ
ቕ, ݊ ≥ 6. Therefore, 

(ܩ)ߛ + (ܩ)ߛ ≤ 3 + ቔ
ଷ
ቕ ≤ ቔ

ଶ
ቕ + 2. 

 
Equitable common neighbourhood dominating parameters 

 
Definition 3.1: Let S ⊆ V(G). If epnୣୡ୬(S, u) ≠ ϕ, for any u ∈ S, then S is called an ecne-irredundant set of G. 

 
Remark 3.2: The property of ecne-irredundance is hereditary. 

 
Theorem 3.3: Any minimal ecne-dominating set is a maximal ecne-irredundant set. 
Proof. Let S be a minimal ecne-dominating set. Then S is an ecne-irredundant set of G. Suppose for any ݑ ∈ ܸ − ܵ, 
ܵ ∪ ܵ)݊ ,is an ecne-irredundant set. Then {ݑ} ∪ (ݑ,{ݑ} ≠ ߶. Since S is an ecne-dominating set, there exists ݒ ∈ ܵ 
such that u and v have a common equitable private neighbour. Since ݊(ܵ ∪ (ݑ,{ݑ} ≠ ߶, there exists no ݓ ∈ (ܵ ∪
−({ݑ} {ݑ} = ܵ such that u and w have equitable common neighbour, which is a contradiction. Thus, S is a maximal 
ecne-irredundant set of G. 

P.Nataraj et al. 
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Definition 3.4: The minimum (maximum) cardinality of a maximal ecne-irredundant set of G is denoted by 
irୣୣୡ୬(G)(IRୣ

ୣୡ୬(G)). 
 

Remark 3.5:   ݅ݎ(ܩ) ≤ (ܩ)ߛ ≤ (ܩ)߁ ≤  (ܩ)ܴܫ
 

Proposition 3.6:   For any graph G, 
γ
ౙ(ୋ)

ଶ
< ݅rୣୣୡ୬(G) ≤ γୣ

ୣୡ୬(G) ≤ 2irୣୣୡ୬(G)− 1 
 
Definition 3.7:  The minimum cardinality of an independent ecne-dominating set of G is denoted by iୣୣୡ୬(G). 

 
Remark 3.8:  ߛ(ܩ) ≤ ݅(ܩ) 

 
Definition 3.9:  The maximum cardinality of an independent ecne-set of G is denoted by βୣ

ୣୡ୬(G). 
 

Remark 3.10:   ݅ݎ(ܩ) ≤ (ܩ)ߛ ≤ ݅(ܩ) ≤ (ܩ)ߚ ≤ (ܩ)߁ ≤  (ܩ)ܴܫ
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