
 

Advances and Applications in Mathematical Sciences 
Volume 18, Issue 10, August 2019, Pages 1227-1235 
© 2019 Mili Publications 

 

2010 Mathematics Subject Classification: 47H10, 45G10. 

Keywords: fixed point, common fixed point theorem, fuzzy metric space , occasionally weakly 

compatible mappings. 

Received July 9, 2019; Accepted September 22, 2019 

COMMON FIXED POINT RESULTS IN GENERALIZED 

FUZZY METRIC SPACES AND OCCASIONALLY WEAKLY 

COMPATIBLE MAPPINGS 

R. PANDI SELVI, M. BARVEEN BANU and M. JEYARAMAN 

The Madura College 

Madurai-625 011, India 

E-mail: rpselvi@gmail.com 

Department of Mathematics 

St. Justin Arts and Science College for Women 

Cholopuram, Sivaganga-630561, Tamil Nadu, India 

E-mail: barveenbanu44@gmail.com 

PG and Research Department of Mathematics 

Raja Doraisingam Govt. Arts College 

Sivaganga-630561, Tamil Nadu, India 

E-mail: jeya.math@gmail.com 

Abstract 

In this paper, we introduce a new concept of common fixed point theorem in generalized 

fuzzy metric spaces and occasionally weakly compatible mappings.  

1. Introduction 

The fixed point theory has been studied and generalized in different 

spaces. Fuzzy set theory is one of uncertainty approaches where in topological 

structure are basic tools to develop mathematical models compatible to 

concrete real life situation. Fuzzy set was defined by Zadeh [27]. Kramosil 

and Michalek [15] introduced fuzzy metric space, George and Veermani [7] 

modified the notion of fuzzy metric spaces with the help of continuous t-
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norms. Many researchers have obtained common fixed point theorem for 

mapping satisfying different types of commutativity conditions. Jain and 

Singh [29] proved a fixed point theorem for six self maps in a fuzzy metric 

space.  In this paper, a fixed point theorem for six self maps has been 

established using the concept of weak compatibility of pairs of self maps in 

fuzzy metric space. New concept of common fixed point theorem in  

generalized fuzzy metric spaces and occasionally weakly compatible 

mappings is introduced. 

2. Preliminaries 

Definition 2.1. A 3-tuple  ,, MX   is called M-fuzzy metric space if X is 

an arbitrary non empty set,  is a continuous t-norm and M is a fuzzy set on 

  ,03X  satisfying the following conditions:  for each Xzyx ,,,  and 

  ,0,,, tzyxM  

(M1)   ,0,,, tzyxM  

(2)   ,0,,, tzyxM  if and only if   ,0,,, tzyxM  

(M3)     ,,,,,,, tzyxptzyxM   when p is the permutation function.  

(M4)      ,,,,,,,,,, stzyxMszzaMtayxM   

(M5)      1,0,0:,,, zyxM  is continuous, 

(M6)   1,,lim 


zyxM
t

 for all .,, Xzyx   

Definition 2.2. Two mappings f and g of a generalized fuzzy metric space 

 ,, MX  into itself are said to be weakly commuting if 

   ,,,,,, tgxgxfxMfxfxxfgM   for all Xx   and .0t  

Definition 2.3. Two mappings f and g of a generalized fuzzy metric space 

 ,, MX  into itself are R-weakly commuting provided there exists some 

positive real number R such that 

  ,,,,,, 







R

t
gxgxfxMtgfxfgxM  for all 0,  RXx  and 0t  
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Remark 2.4. Clearly point R-weakly commutativity implies weak 

commutativity only when .1R  

Definition 2.5. Two self maps f and g of a generalized fuzzy metric space 

 ,, MX  are called reciprocally continuous on X if fxfgxn   and 

,gxgfxn   whenever  nx  is a sequence in X such that xgxfx nn   or 

some x in X. 

Definition 2.6.  Two self mappings f and g of a generalized fuzzy metric 

space  ,, MX  are called compatible if   ,1,,, tgfxgfxfgxM nnn  

whenever  nx  is a sequence in X such that nn gxfx   for some x in X. 

Definition 2.7. Two self maps f and g of a generalized fuzzy metric space 

 ,, MX  are called reciprocally continuous on X, if fxfgxn   and 

,gxgfxn   whenever  nx  is a sequence in X such that xgxfx nn   for 

some x in X. 

Definition 2.8.  Let  ,, MX  be a generalized fuzzy metric space. If 

there exists  ,1,0q  such that    tzyxMqtzyxM ,,,,,,   for all 

Xzyx ,,  and .0t  

Definition 2.9. Let X be a set and gf ,  self maps of X. A point x in X is 

called coincidence point of f and, iff .gxfx   We say ,gxfxw   a point of 

coincidence of f and g. 

Definition 2.10. Two self maps A and B of a generalized fuzzy metric 

space  ,, MX  are called weak-compatible (or coincidentally commuting) if 

they commute at their coincidence point, i.e., if BxAx   then BAxABx   

for some .Xx   

Lemma 2.11. Let X be a set f, OWC self maps of X. If f and g have a 

unique point of coincidence, ,gxfxw   then w is the unique common fixed 

point of f and g. 

 3. Main Results  

In this section we prove some fixed point theorems satisfying occasionally 

weakly compatible mappings common in generalized fuzzy metric spaces. In 

fact we prove following results. 
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Theorem 3.1. Let  ,, MX  be a complete generalized fuzzy metric space 

and let SCBA ,,,  and UT ,  be self-mappings of X. Let the pairs  SA,  and 

   UCTB ,,,  are OWC. If there exists a point  ,1,0q  for all Xzyx ,,  

and ,0t  such that 

      tSxAxSxMtUzTySxMqtzCByAxM ,,,,,,,min,,, 1  

    tUzTyAxMtTyByTyMa ,,,,,,,min2  

     ,,,,,,, 43 tCzByxMatUzSxByMa   (3.1.1) 

where ,0,,, 4321   and    .14321   Then there exists a 

unique point of ,Xw   such that wSwAw   and a unique point ,Xv   

such that .vTvBv   Moreover ,wv   so that there is a unique common 

fixed point of SCBA ,,,  and ., UT  

Proof. Let the pairs  SA,  and    UCTB ,,,  be OWC, there are points 

Xzyx ,,  such that SxAx   and ,TyBy   we claim that 

., UzCzByAx   From 3.1.1 we have  

      tSxAxSxMtUzTySxMqtByAxM ,,,,,,,min,,   

    tUzTyAxMtTyByTyM ,,,,,,,min2  

     tCzByAxMtUzSxByM ,,,,,, 43   

    tAxAxAxMCzByAxM ,,,,,,min1  

    tCzByAxMtByByByM ,,,,,,,min2  

  1,,,,min1 tCzByAxM  

  tCzByAxM ,,,,1min2  

     tCzByAxMtCzByAxM ,,,,,, 43   

    .,,,4321 tCzByAxM  

A contradiction, since   .14321   Therefore ,21 Cz  

i.e., .321 UzCzTy   Suppose that there is a another point v 
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such that SvAv   then by 3.1.1. we have ,UzCzTyBySvAv   so 

AvAx   and  SxAxw   is the unique point of coincidence of A and S. 

Using Lemma 2.11, we get w is the only common fixed point of A and S, i.e., 

.SwAww   Similarly there is a unique point Xv   such that 

TvBvv   and there is a unique point Xr   such that .UrCrr   

Assume that .vw   We have  

   qtCrBvAwMqtrvwM ,,,,,,   

    tSwAvSwMtUrBvSwM ,,,,,,,min  

    tUrTvAwMtTvBvTvM ,,,,,,,min2  

     tCrBvAwMtUrSwBvM ,,,,,, 43   

    twvwMtrvwM ,,,,,,,min1  

     trvwMtrwvM ,,,,,, 43   

  1,,,,min1 trvwM  

  trvw ,,,,1min2  

     trvwMatrvwM ,,,,,,min 43   

  trvwM ,,,1  

  trvwM ,,,2  

     trvwMtrvwM ,,,,,, 43   

   .,,,4321 trvwM  

Since   .14321   Therefore, a contradiction, we have 

wv   also v is a common fixed point of SCBA ,,,  and ., UT  Next, Again, 

we consider, ,BrBy   we show that, .rv   

Suppose, ,rv   we have 

   qtCrBvAwMqtrvwM ,,,,,,   

    tSwAwSwMtUrvTSwM ,,,,,,,min1  
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    tUrTvAwMtTvBrTvM ,,,,,,,min2  

     tCrvAwMtUrSwBvM ,,,,,, 43   

    twwwMtrvwM ,,,,,,,min1  

    trvwMtvrvM ,,,,,,min2  

     trvwMtrwvM ,,,,,, 43   

  1,,,,min1 trvwM  

  trvwM ,,,,1min2  

     trvwMtrwvM ,,,,,, 43   

     trvwMtrvwM ,,,,,, 21   

     trvwMtrvwM ,,,,,, 43   

   .,,,4321 trvwM  

Since   .14321   Therefore, a contradiction, we have rv   

also v is a common fixed point of SCBA ,,,  and ., UT  The uniqueness of 

the fixed point holds from 2.1(i). 

Corollary 3.2. Let  ,, MX  be a complete generalized fuzzy metric space 

and let CBA ,,  and UT ,  be self-mappings of X. Let the pairs  SA,  and 

   UCTB ,,,  are OWC. If there exists a point  ,1,0q  for all ,,, Xzyx   

such that 

   tUzTySxMqtCzByAxM ,,,,,,   

    tUzTyAxMtSxAxSxM ,,,,,,,min  

    tUzSxByMtTyByTyM ,,,,,,,min  

 ,,,, tCzByAxM  (3.1.2) 

where ,0,,   and   1  then there exist a unique point 

,Xw   such that wSwAw   and a unique point ,Xv   such that 
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.vTvBv   Moreover ,wv   so that it is a unique common fixed point of 

SCBA ,,,  and ., UT  

Corollary 3.3. Let  ,, MX  be a complete generalized fuzzy metric space 

and let A and S be self map of X. Let the A and S are OWC. If there exists a 

point  1,0q  for all Xzyx ,,  and ,0t  such that  

     tAzAyAxMtAzAyAxMqtSzSySxM ,,,,,,,,, 21   

      ,,,,,,,,,,, 43 tSzAyAxMtSzSyAxMtSyAySyM   (3.3.1) 

where 0,,, 4321  a  and   .1, 4321   Then A and S have a 

unique common fixed point. 

Corollary 3.4. Let  ,, MX  be a complete generalized fuzzy metric space 

and let SCBA ,,,  and UT ,  be self-mappings of X. Let the pairs  SA,  and 

   UCTB ,,,  are OWC. If there exists a point  ,1,0q  for all ,,, Xzyx   

such that 

         tTyByTyMtSxAxSxMtUzTySxMqtCzyBAxM ,,,,,,,,,,min,,, 

      .,,,,,,,,, tCzBNyAxMtUzSxByMtUzTyAxM   

Such that   tt   for all ,10  t  and    ,1,01,0:   then there 

exists a unique common fixed point of SCBA ,,,  and ., UT  

Corollary 3.5.  Let  ,, MX  be a complete generalized fuzzy metric 

space and let ,,, CBA  and UT ,  be self-mappings of X. Let the pairs  SA,   

and    UCTB ,,,   are OWC. If there exists a point  ,1,0q  such that 

 
     

      










tCzByAxMtUzSxByMtUzTyAxM

tTyByTyMtSxAxSxMtUzTySxM
qtCzByAxM

,,,,,,,,,

,,,,,,,,,,,
,,,

 

for all Xzyx ,,  and    1,01,0:
5
  such that   tttt  ,,1,1,  for all 

,10  t  then there exists a unique common fixed point of SCBA ,,,  and 

., UT  
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