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ANALYTICAL SOLUTION FOR THE SYSTEM OF LANE–EMDEN
TYPE EQUATION WITH BOUNDARY CONDITION INSIDE

THE CATALYST PARTICLE BY VARIATIONAL ITERATION METHOD

K. M. DHARMALINGAM AND K. VALLI1

ABSTRACT. In this paper, we describe the problem of ethanol, acetaldehyde,
and ethyl acetate inside the catalyst particle. This model represents a non-
linear term related to reactor particle. A Better approximation analytic solution
for non-linear differential equations of the molar concentration profiles are de-
rived using Variational Iteration Method. Furthermore, the derived solutions
are validated and compared with numerical simulation (by MATLAB software–
Runge–Kutta 4th order method). These solutions are good enough to predict
the behaviour of the system. The influence of dimensionless reaction parame-
ters are discussed and presented graphically. The obtained solutions are more
reliable and easy to predict the dynamic behaviour of the system by varying the
parameters.

1. INTRODUCTION

The control of Volatile Organic Compounds (VOCs) releasing from the many
chemicals, petrochemical, and allied industries is very challenging in air pollu-
tion in the century years [1–8]. In the 1950’s, Norb Ruff has developed the Cat-
alytic combustion to control the emission of organic components in industrials
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which are based on the catalyst particle and diminishes the operating tempera-
ture in the combustion process. Furthermore, Campesi et al. [9] discussed the
kinetic combustion of ethanol and ethyl acetate mixtures over a MnCu catalyst
and developed the mathematical model from the kinetic combustion.

This model contains the nonlinear differential system related to the kinetic
combustion of ethanol and ethyl acetate mixtures. In this paper, we will analyze
the kinetic combustion reactions in the catalyst combustion [10]. The concen-
tration of ethanol and ethyl acetate mixtures in the inside catalyst combustion
are represented by Lane–Emden equation with the boundary condition. Fur-
thermore, we will derive the analytic expression for the Lane–Emden equation
by the Variational iteration method [11–20]. These analytical results are very
much useful in chemical engineering for the reason of diffusion reactor model
analysis [21].

2. NOTATIONS

We introducing the following dimensionless variables:
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The system nonlinearities are

F1 (E(x), Ac(x), EC(x)) = φ2
1e
−γ1f1 (E(x), Ac(x), EC(x))

F2 (E(x), Ac(x), EC(x)) = φ2
2e
−γ2f2 (E(x), Ac(x), EC(x))

− φ2
3e
−γ1f3 (E(x), Ac(x), EC(x))

F3 (E(x), Ac(x), EC(x)) = φ2
4e
−γ3f3 (E(x), Ac(x), EC(x))

where

f1 (E(x), Ac(x), EC(x)) =
E(x)

1 + β1E(x) + β2Ac(x) + β3EC(x)

f2 (E(x), Ac(x), EC(x)) =
Ac(x)

1 + β1E(x) + β2Ac(x) + β3EC(x)



ANALYTICAL SOLUTION FOR THE SYSTEM OF LANE–EMDEN TYPE EQUATION. . . 5233

f3 (E(x), Ac(x), EC(x)) =
EC(x)

1 + β1E(x) + β2Ac(x) + β3EC(x)

3. DEVELOPMENT OF THE BOUNDARY VALUE PROBLEM

In [10], the reaction schemes for the oxidation of ethanol to CO2 and ethyl
acetate to CO2 are as follows:

(3.1) C2H6O +
1

2
O2 → C2H4O +H2O

(3.2) C2H4O +
5

2
O2 → 2CO2 + 2H2O

(3.3) C4H8O2 + 5O2 → 4CO2 + 4H2O

From the reaction scheme Equtions (3.1) to (3.3) that formulated the mathe-
matical model in the diffusion and reaction inside the catalyst particle can be
written as follows [10]:

(3.4) Def,i

[
1

z2
d

dz

(
z2
dCi
dz

)]
= Ri; i = Et,Ac, EA ,

where Def,i is the effective diffusivity of substance i = Et, Ac, EA.
The boundary condition are as follows [10]:

z = R ; Ci = Cb
i ; i = Et,Ac, EA ,(3.5)

z = 0 ;
dCi
dz

= 0; i = Et,Ac, EA .(3.6)

The reaction rate Ri (i = Et, Ac, EA) are

REt =
kref1e

[−(E1/RG)((1/T )−(1/Tref ))]CEt
1 +KC,EtCEt +KC,AcCAc +KC,EACEA

RAc =
kref2e

[−(E2/RG)((1/T )−(1/Tref ))]CAc − kref1e[
−(E1/RG)((1/T )−(1/Tref ))]CEt

1 +KC,EtCEt +KC,AcCAc +KC,EACEA

REA =
kref3e

[−(E3/RG)((1/T )−(1/Tref ))]CEA
1 +KC,EtCEt +KC,AcCAc +KC,EACEA

,

where CEt, CAc and CEA represents the molar concentrations of ethanol , ac-
etaldehyde and ethyl acetate respectively and other designations are represent
in Appendix B.
The non-linear differential reaction equations (3.1) to (3.6) will be reduced to
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the following system coupled dimensionless nonlinear differential equations as
follows (see Appendix A for introduce new dimensionless variables):

(3.7)
d2E

dx2
+

2

x

dE

dx
= F1 (E(x), Ac(x), EC(x))

(3.8)
d2Ac

dx2
+

2

x

dAc

dx
= F2 (E(x), Ac(x), EC(x))

(3.9)
d2EC

dx2
+

2

x

dEC

dx
= F3 (E(x), Ac(x), EC(x))

with the boundary conditions are listed as follows:

(3.10) x = 1 ; E = Ac = EC = 1

(3.11) x = 0 ;
dE

dx
=
dAc

dx
=
dEC

dx
= 0

where the functions E(x), AC(x) and EC(x) are the dimensionless molar concen-
tration of the ethanol, acetaldehyde and ethyl acetate respectively, x is dimen-
sionless axial length of the reactor inside the catalyst particle, γ′is and β′is are
dimensionless parameters and φ2

i are Thiele modulus (unitless). To interpret on,
consider the non-linear differential equation as follows:

Lu+Nu = g(t) ,

where term L and N are linear and nonlinear operator respectively. We have to
solve the above type of nonlinear differential equation apply the VIM, we can
expressed the given Equation (3.8) as correction functional form:

un+1(x) = un(x) +

∫ x

0

λ (Lun(t) +Nũn(t)− g(t)) dt ,

where constant or a function λ is a general Lagrange multiplies [22–24], the sub-
script n indicates the nth approximation and ũn is a restricted variation which
means that δũn = 0. The successive approximations un+1, for n ≥ 0, of the
solution u(t) will be readily obtained upon any selective function u0(t). Conse-
quently, the exact solution, if it exists, will be given by

y(x) = lim
n→∞

un(x) .
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We apply the VIM to non-linear differential Equations (3.7) to (3.9) with initial
and boundary condition equations (3.10) and (3.11). First, we determine the
correction functional in the form

En+1(x) = En(x) +

∫ x

0

λ

(
E ′′n(t) +

2

t
E ′n(t)− F1 (En(t), Acn(t), ECn(t))

)
dt

(3.12)

Acn+1(x) = Acn(x) +

∫ x

0

λ

(
Ac′′n(t) +

2

t
Ac′n(t)− F2 (En(t), Acn(t), ECn(t))

)
dt

ECn+1(x) = ECn(x)+

∫ x

0

λ

(
EC ′′n(t) +

2

t
EC ′n(t)− F3 (En(t), Acn(t), ECn(t))

)
dt ,

where λ = t(t−x)
x

. As a result, we obtain the following iteration formula:
We will select the zeroth approximations (which satisfy the boundary condi-
tions) as follows:

E0(x) = E(0) + xE ′(0) = δ1

Ac0(x) = Ac(0) + xAc′(0) = δ2

EC0(x) = EC(0) + xEC ′(0) = δ3 .

This solution will accelerate the convergence of the successive approximations.
where the as yet undetermined constants δ1, δ2 and δ3 will be approximated
by using the boundary conditions E(1), Ac(1) and EC(1). Thus, we obtain the
following approximations:

E0(x) = δ1

Ac0(x) = δ2

EC0(x) = δ3

E1(x) = δ1 +

(
φ2
1e
−γ1δ1

1 + β1δ1 + β2δ2 + β3δ3

)
x2

6

Ac1(x) = δ2 +

(
φ2
2e
−γ2δ2 − φ2

3e
−γ1δ1

1 + β1δ1 + β2δ2 + β3δ3

)
x2

6

EC1(x) = δ3 +

(
φ2
4e
−γ1δ3

1 + β1δ1 + β2δ2 + β3δ3

)
x2

6
· · · · · · · · ·

· · · · · · · · ·
From these Equations (3.12), we can obtain the numerical values for δ1,δ2 and
δ3. Note that δ′is are not fixed but they are mainly depends on the parameters
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φ1, φ2, φ3, φ4, γ1, γ2, γ3, β1, β2 and β3.
Therefore, we can represent the approximate solution functions as follows:

(3.13) E(x) =
m∑
n=0

En(x)

(3.14) Ac(x) =
m∑
n=0

Acn(x)

(3.15) EC(x) =
m∑
n=0

ECn(x)

MATLAB software can be used to find the numerical simulation for the non-

FIGURE 1. Comparison between numerically(different sym-
bol curve) computed concentration profile with the an-
alytical expression(soild line curve) Equations (3.13) to
(3.15). The reaction/diffusion parameter is varied at
(a)β1=β2=β3=φ2=φ3= φ4=γ1 = 1, γ2=5, γ3=3 and φ1= 1, 5, 10,
15. (b)β1=β3=10,β2=1, φ1=φ3= φ4=γ1=γ2=γ3=0.001 and φ2=
1, 6, 8, 10. (c)β1=β3=10,β2=1, φ1=φ2= φ3=γ1=γ2=γ3=0.001
and φ4= 1, 5, 10, 15.

linear differential equations with the boundary conditions (Equations (3.7) to
(3.11)). For these purpose, the obtain solutions (Equations (3.13) to (3.15)) will
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FIGURE 2. The concentration of ethanol E(x), acetaldehyde
Ac(x) and ethyl acetate EC(x) was computed against dimen-
sionless radial distance x and using Equations (3.13) to (3.15),
for various values of (a)β1=β2=β3=γ1=γ2=γ3=3, φ2= 15
and φ3=φ4=10. (b)β1=β2=β3=γ2=γ3=3, γ1=φ1=φ3=φ4=10.
(c)β1=β2=β3=γ2=γ3=3, γ1=φ1=φ3=10 and φ2=15.

be convergent solution or not.The convergence will be analysing in graphical
representation and error calculation format.We analyse the reaction parameters
in the catalyst particle for the physical point of view and these are represented
graphically in figures 1- 3. Also, We have obtained numerical simulation for
the Equations (3.7) to (3.11) with the help of MATLAB software. From these
numerical solution is compared with our analytical results for the reason of the
obtained result approximate or not.

The analytical results for the fixed bed laboratory reactor model using Equa-
tions (3.7) to (3.11) are validated against the numerical results. Our analyti-
cal expression of dimensionless concentration of the ethanol E(x), acetaldehyde
Ac(x) and ethyl acetate EC(x) are compared with simulation results in Tables 1
and 2 for various values of the dimensionless parameters φ′is, γ

′
is and β′is respec-

tively. From these tables, it can be noticed our analytical results match es quite
well with the numerical results. The relative error between our analytical and
numerical result does not exceed 1.5% for all values of parameters considered
in the simulation.
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FIGURE 3. The concentration of ethanol E(x), acetaldehyde Ac(x)
and ethyl acetate EC(x) was computed against dimensionless ra-
dial distance x and using Equations(3.13) âĂŞ (3.15), for vari-
ous values of (a)β2=1, β3=10,γ1=γ2=γ3=3, φ1=φ3=φ4=10 and
φ2=15. (b)β1=0.1, β3=10,γ1=γ2=γ3=3, φ1=φ3=φ4=10 and
φ2=15. (c)β1=0.1, β2=1,γ1=γ2=γ3=3, φ1=φ3=φ4=10 and
φ2=15.

Comparison between VIM and numerical results for various values of the re-
action parameters is shown in Fig.1 and Table 1 and 2. The obtained results in
comparison with numerical simulations represented that VIM has been enough
accuracy and efficiency so it would be applicable for solving strongly nonlinear
equations of coupled system. The dimensionless concentration E(x), Ac(x) and
EC(x) as attain maximum (≈ 1) for the dimensionless reaction parameters φ′is,
γ′is and β′is are greater than 0.001.

In Figures 2 and 3, we represent graphically the dimensionless concentra-
tions E(x), Ac(x) and EC(x) against dimensionless radial distance x and reaction
diffusion parameters φ′is and β′is. From these figures, it is observed that the
behaviour for reaction diffusion parameter in various values and also it is appli-
cable in chemical engineering for the reason of diffusion reactor model analysis.
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TABLE 1. Error calculation E(x) and Ac(x) respectively with the
numerical and analytical results for various values of parameters
φ′is, γ

′
is and β′is.

Concentration E(x) Concentration Ac(x)
φ2=φ3=φ4=γ1=γ2=γ3=0.0001, φ1=φ3=φ4=γ1=γ2=γ3=0.0001,
β1=β3=10, β2=1 and φ1=15. β1=β3=10, β2=1 and φ2=8.

δ1=0.1174635034,δ2=0.5015671968 δ1=0.4999999963,δ2=0.3401746555
δ3=0.4990224959 δ3=0.4999999963

x Num. VIM % Error x Num. VIM %Error
0.0 0.2349 0.2349 0.0000 0.0 0.6803 0.6803 0.0000

0.2 0.2655 0.2655 0.0000 0.2 0.6931 0.6932 0.0144

0.4 0.3573 0.3572 0.0288 0.4 0.7315 0.7317 0.0273

0.6 0.5104 0.5104 0.0000 0.6 0.7954 0.7955 0.0126

0.8 0.7246 0.7245 0.0138 0.8 0.8849 0.8849 0.0000

1.0 1.0000 1.0000 0.0000 1.0 1.0000 1.0000 0.0000

Average Error % 0.0071 Average Error % 0.0090

TABLE 2. Error calculation EC(x) with the numerical and analyti-
cal results for various values of parameters φ′is, γ

′
is and β′is.

φ1=φ2=φ3=γ1=γ2=γ3=0.0001,
β1=β3=10, β2=1 and φ1=5.

δ1=0.4999999963,δ2=0.3958863145,
δ3=0.4999999963

x Num. VIM % Error

0 0.7910 0.7910 0.0000

0.2 0.7990 0.7990 0.0000

0.4 0.8232 0.8230 0.0243

0.6 0.8647 0.8646 0.0156

0.8 0.9300 0.9300 0.0000

1.0 1.0000 1.0000 0.0000

Average Error % 0.0071



5240 K. M. DHARMALINGAM AND K. VALLI

4. CONCLUDING COMMENTS

In this work, the variational iteration method (VIM) is successfully applied
to the concentration of the ethanol E(x), ethyl acetate EC(x) and acetaldehyde
Ac(x) with the boundary conditions. Comparisons have been done among VIM
and numerical method by different reaction parameters values. Data from error
figures represent that obtained solutions with VIM has minor differences with
numerical simulations. Furthermore, according to achieved results, these works
are useful to understand the behaviour of the system. Also, it will be obvious
that VIM is convenient analytical method and due to its accuracy, efficiency and
convergence it could be applicable for solving strongly nonlinear differential
equations.
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kinds, Kybernetes, 40 (2011), 1305–1318.

[13] A. M. WAZWAZ: Partial Differential Equations and Solitary Waves Theory, Springer, Berlin,
2009.

[14] A. M. WAZWAZ: Solving the Non-Isothermal Reaction-Diffusion Model Equations in a Spher-
ical Catalyst by the Variational Iteration Method, Chem. Phys. Lett., 679 (2017), 132–136.

[15] Z. M. ODIBAT, S. MOMANI: Application of variational iteration method to nonlinear dif-
ferential equations of fractional order, Int. J. Nonlin. Sci. Num., 7 (2006), 27–34.

[16] A. A. SOLIMAN: Numerical simulation of the generalized regularized long wave equation by
He’s variational iteration method, Math. Comput. Simulat., 70 (2005), 119–124.

[17] J. H. HE, X. H. WU: Construction of solitary solution and compacton-like solution by
variational iteration method, Chaos Soliton Fract., 29 (2006), 108–113.

[18] B. BATIHA: A Variational Iteration Method for Solving the Nonlinear Klein-Gordon Equation,
Aust. J. Basic. Appl. Sci., 3 (2009), 3876–3890.

[19] M. RAFEI, D. GANJI, H. DANIALI, H. PASHAEI: The variational iteration method for
nonlinear oscillators with discontinuities, J. Sound. Vib., 305 (2007), 614–620.

[20] D. GANJI, A. SADIGHI: Application of Homotopy - perturbation and variational iteration
methods to nonlinear heat transfer and porous media equations, J. Comput. Appl. Math.,
207 (2007), 24–34.

[21] C. COSTENTIN, J. SAVEANT: Multi electron multistep molecular catalysis of electrochemical
reactions: benchmarking of homogeneous catalysts, ChemElectroChem, 1 (2014), 1226–
1236.

[22] A. BARARI, M. OMIDVAR, A.R. GHOTBI, DD. GANJI: Application of homotopy pertur-
bation method and variational iteration method to nonlinear oscillator differential equations,
Acta Appl. Math., 104 (2008), 161–171.

[23] J. H. HE: Approximate solution of nonlinear differential equations with convolution product
nonlinearities, Comput. Method. Appl. M., 167 (1998), 69–73.

[24] J. H. HE: Some asymptotic methods for strongly nonlinear equations, Int. J. Mod. Phys. B,
20 (2006), 1141–1199.



5242 K. M. DHARMALINGAM AND K. VALLI

APPENDIX A:NOMENCLATURE

Def,i Effective diffusivities of i(=ethanol, ethyl acetate and
acetaldehyde)(cm2/s)

Ci Concentration of i(=ethanol, ethyl acetate and acetaldehyde)(mol m−3)
KC,i Adsorption equilibrium constant of i(=ethanol, ethyl acetate and

acetaldehyde)(m3mol−1)
Kref,1 Reparameterized pre exponential factor of step 1 at a reference temper-

ature Tref (s−1)
Kref,2 Reparameterized pre exponential factor of step 2 at a reference temper-

ature Tref (mols−1m−3)
E1&E2 Activation Energy (Jmol−1)
Tref Reference temperature(K)
T Temperature(K)
RG Gas Constant(J / (mol k))
z Axial length of the reactor(cm)
Cb
i Molar Concentration of i(=ethanol, ethyl acetate and acetalde-

hyde)(mol m−3)
R Particle radius(cm)
E Dimensionless molar concentration of ethanol (unitless)

EA Dimensionless molar concentration of ethyl acetate (unitles)
AC Dimensionless molar concentration of acetaldehyde (unitless)
x Dimensionless distance (unitless)

γ′is & β′is Dimensionless parameters (unitless)
φ2
i ’s Thiele modulus (unitless)
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